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38 PROBLEMS AND SOLUTIONS. [Jan., 

if x = 1/e = 0.368 approx. Therefore, the second differences in a table of values of this function 
must be practically zero for values of x near 0.368. 1 

Also solved by H. L. Olson, H. S. Uhler, A. H. Wilson, and the Proposer. 

2842 [1920, 274]. Proposed by H. S. uhler, Yale University. 

Express explicitly the following sextic in x as the product of a quadratic and a biquadratic: 
3x° - Cfcix 5 + (7fci 2 - 9fc 2 2 )x* - 2(2fci 3 - 4fcifc 2 2 - 3fc 3 3 )x 3 + [(fci 2 - fc 2 2 ) 2 - 9fcifc 3 3 ]x 2 

- (fci 2 - 2fc 2 2 )(fcifc 2 2 - 9fc 3 3 )x + (fci 2 - 3fc 2 2 )(fc 2 4 - 3fcifc 3 3 ). 

I. Solution by W. D. Cairns, Oberlin College. 

If fci = fc 3 = 0, the expression can be factored thus: 

(3x* + fc 2 4 )(x 2 -3fc 2 2 ). 

If fci = fc 2 = 0, it can be factored thus: 

3x 3 (x 3 + 2fc 3 3 ) or (3x* + Qk^xK 

If fc 2 = fc 3 = 0, it can be factored thus: 

x 2 (3x 2 - 3fciX + fci 2 ) (a; 2 - kix + fci 2 ). 

These will be consistent only if one factor contains, at least, the terms 3x* — 3fcix 3 + fci 2 x 2 
+ <Skz*x + & 2 4 , and the second x 2 — kix + fci 2 — 3fe 2 . The last term of the given expression 
shows that the first factor must contain also the term — 3kjc s 3 , and multiplication of these two 
tentative factors shows that the term — kjt^x completes the first factor. Thus we have as the 
two factors: 3x 4 - 3fcix 3 + fci 2 x 2 - (kM - 6fc 3 3 )s + (fc 2 4 - 3fcifc 3 3 ) and x 2 - fcix + (fci 2 - 3fc 2 2 ). 

II. Remarks by H. P. Manning, Providence, R. I. 

The polynomial can be written w 3 fc 3 3 + v 6 , where w 3 and v e are polynomials of degrees 3 and 6 
in x, fci and fc 2 . If there are rational factors fc 3 3 must go entirely with one factor, since w 3 and 
t»e are not the cubes of rational expressions. The factor which does not contain fc 3 will be the 
highest common factor of u s and v 6 . We can also factor w 3 , noting that it contains only the second 
power of fc 2 . 

2845 [1920, 326]. Proposed by E. L. POST, Princeton University. 

Prove that if y x is a solution of the functional equation 

for positive integral values of x with y x > 0, then 

lim y x log x = 1. 

Solution by the Proposer, and Otto Dunkel, Washington University. 
If x and y x are both positive, the equation 



yx — - 
has one positive root, 



Vx= x + Vx+1 (1) 



a/x 2 +4: 
y x +i = 2 

From (1), we clearly have then that 



y x > y x +i > 0. (2) 



i Since the second difference y(a + 2h) - 2y(a + h) + y(a) = h?y"{e), where a < < 
a + 2h. — Editors. 



